In this work we find that not only the Heisenberg-like uncertainty products and the Rényi-entropy-based uncertainty sum have the same first-order values for all the quantum states of the D-dimensional hydrogenic and oscillator-like systems, respectively, in the pseudoclassical (D → ∞) limit but a similar phenomenon also happens for both the Fisherinformation-based uncertainty product and the Shannon-entropy-based uncertainty sum, as well as for the Crámer-Rao and Fisher-Shannon complexities. Moreover, we show that the LMC (López-Ruiz-Mancini-Calvet) and LMC-Rényi complexity measures capture the hydrogenic-harmonic difference in the high dimensional limit already at first order. 
I. INTRODUCTION
The dimensional scaling has been shown to be a powerful tool to describe numerous features of a great variety of (three dimensional) quantum systems and phenomena pertaining to a wide range of fields from atomic and molecular physics [1] [2] [3] [4] [5] to general quantum mechanics [6] [7] [8] , quantum field theory and quantum cosmology [9] [10] [11] [12] [13] and quantum information [14] [15] [16] [17] [18] . It is often possible to approximate the solution of difficult three-dimensional quantum problems by means of a Taylor series development of similar systems with a non-standard dimensionality (i.e., D = 3) in powers of 1/D and then by using an interpolation or extrapolation procedure.
Indeed, guided by the idea that physics at high dimensions is much simpler, Herschbach et al [1, 2, 4] developed a practical method to investigate the electronic structure of atoms and * dehesa@ugr.es molecules where the dimensional scaling plays the fundamental role. This dimensional scaling method is a very useful strategy to solve the (three-dimensional) finite many-electron problems.
This method, which has been mainly used to study the level spectrum and dynamics of Coulomb systems, allows one to solve the associated quantum problem in the pseudoclassical (D → ∞) limit, and then, perturbation theory in 1/D is used to have an approximate three-dimensional result, obtaining at times a quantitative accuracy comparable to or better than single-zeta Hartree-Fock calculations [1] [2] [3] . Thus, the starting and most interesting point here is the (D → ∞)-limit, tantamount to h → 0 and/or m e → ∞ in the kinetic energy, h and m e being the Planck constant and the electron mass, respectively. This limit is not the same as the conventional classical limit obtained by h → 0 for a fixed dimension [10, 11] .
It turns out that the pseudoclassical limit of the finite many-electron problem can be exactly computable in a simple way. The electrons of a finite, high D-dimensional atom and molecule are confined to harmonic oscillations about the fixed positions attained in the (D → ∞)-limit.
Indeed, in this limit, the electrons of a many-electron system assume fixed positions relative to the nuclei and each other, in the D-scaled space. Moreover, the high-D electronic geometry and energy correspond to the minimum of an exactly known effective potential and can be determined from classical electrostatics for any atom or molecule. Although at first sight, the electrons at rest in fixed locations might seem to violate the uncertainty principle, this is not true because that occurs only in the D-scaled space (see, e.g., [4] ).
The spatial electron delocalization of the main prototypes of the physics of multidimensional quantum systems, the D-dimensional hydrogenic system (i.e., a negatively-charged particle moving in a space of D dimensions around a positively charged core which electromagnetically binds it in its orbit) and the D-dimensional harmonic system (i.e., a particle moving under the action of a quadratic potential), has been investigated by means of the Heisenberg-like uncertainty measures which are based on the variance and the moments of the quantum probability of the system with order other than two [19, 22, 24, 25] . Then, uncertainty measures of entropic character [26] [27] [28] [29] [30] [31] [32] [33] [34] have been considered; they are much more appropriate because, contrary to the Heisenberg-like ones, they do not depend on any specific point of the system. Recently these studies have been extended by calculating the dominant term of the Heisenberglike and Rényi-entropy-based uncertainty measures for both the D-dimensional hydrogenic and harmonic systems at the quassiclassical border in the two conjugated position and momentum spaces [35, 36] . It was found that the Heisenberg-like and Rényi-entropy-based equality-type uncertainty relations for all of the D-dimensional harmonic oscillator states in the pseudoclassical (D → ∞) limit are the same as the corresponding ones for the hydrogenic systems, despite the so different character of the oscillator and Coulomb potentials. In this work, we investigate whether a similar phenomenon also takes place for both the Fisher-information-based uncertainty product and the Shannon-entropy-based uncertainty sum, as well as for various basic (Crámer-Rao, Fisher-Shannon) and generalized (LMC-Rényi) complexity measures in the two position and momentum spaces.
The structure of the paper is the following. First, in Section II we define and briefly discuss the spreading properties of Heisenberg, entropy and complexity types of a D-dimensional probability density which we need for the rest of this work. In Section III we give the probability densities of the D-dimensional hydrogenic and harmonic systems in both position and momentum spaces.
In Section IV we calculate and compare not only the position and momentum Heisenberg-like and Rényi-entropy-based uncertainty relations but also the Fisher-information-based uncertainty product and the Shannon-entropy-based uncertainty sum of the D-dimensional hydrogenic and harmonic systems. Then, in Section V we determine and compare the basic and extended complexity measures defined above in both position and momentum spaces. Finally, some conclusions and open problems are given.
II. ENTROPY AND COMPLEXITY MEASURES OF A D-DIMENSIONAL QUANTUM

DENSITY
The physical and chemical properties of these systems are controlled [37] by means of the spatial delocalization or spreading of the single-particle density ρ( r), r ∈ ∆ ⊆ R D defined as
where Ψ( r 1 , r 2 , ..., r n ; σ 1 , σ 2 , ..., σ n ) represents the wave function of the D-dimensional n-particle system, and r = (
2 ), and (r i , σ i ) denote the position-spin coordinates of the ith-particle, which is assumed to be normalized and antisymmetrized in the pairs ( r i , σ i ).
The power moments or radial expectation values { r α } and the entropic moments {W α [ρ]} of the density defined by
respectively, provide two different (but equivalent) ways to characterize the density ρ( r) according to the power-moment and entropic-moment problems of Hamburger type [38, 39] . Moreover they describe numerous physical quantities of the system [40] [41] [42] .
The internal disorder (spatial spreading) of the multidimensional quantum systems can be quantified by entropy and complexity measures (which are closely related to the entropic moments of ρ( r)) in a much better way than by the Heisenberg-like measures which are linked to the power moments (radial expectation values) of the single-particle probability density ρ( r), mainly because the latter ones depend on some specific spatial point of the system; so, e.g. the variance V [ρ] = r 2 − r 2 depends on the centroid. The entropy measures (Shannon entropy, disequilibrium, Rényi entropy, Fisher information) not only quantify a spreading facet of the electronic density, but also characterize a great deal of fundamental and/or experimentally accessible energetic quantities of the system as shown by the density functional theory. The Shannon entropy [43, 44] and the disequilibrium (also called informational energy [45] ), defined by
measure the total spatial spreading of the electronic charge and the separation with respect to the equiprobability, respectively. The corresponding quantities for the momentum-space probability density γ( p) will be denote by S [γ] and D[γ], respectively. Other global spreading facets of the position density ρ( r) are given by the monoparametric Rényi entropies [46, 47] ,
Note that these quantities include the Shannon entropy, the disequilibrium and the Tsallis en-
. The Rényi entropies provide the most relevant canonical class of uncertainty measures [48, 49] and characterize different quantities of the system depending on the q-parameter such as the Dirac exchange energy (q = 4/3), the Thomas-Fermi energy (q = 5/3), the average density (q = 2), ... (see e.g., [33, 50, 51] ). The corresponding quantities for the momentumspace probability density γ( p) will be denoted by R q [γ]. The (translationally invariant) Fisher information of the D-dimensional density ρ( r) is defined by
where ∇ D denotes the D-dimensional gradient of the particle. The corresponding quantity for the momentum-space probability density γ( p) will be denote by F [γ]. This entropic quantity is playing an increasing role in numerous fields [52] , particularly for many-electron systems, partially because of its formal resemblance with kinetic [52, 53] and Weiszäcker [54] energies. The Fisher information, contrary to the Rényi, Shannon and Tsallis entropies, is a local measure of spreading of the density ρ( r) because it is a gradient functional of ρ( r), so that it is very sensitive to the density fluctuations. Moreover, these entropic measures allow us to characterize and identify some relevant quantum phenomena such as e.g., quantum phase transitions [55] , fractality [56] , machine learning [57] and the spectral avoided crossings in atoms and molecules [58, 59] . To a great extent this is because the entropic measures satisfy various relevant mathematical properties [60] [61] [62] and the position-momentum uncertainty relations [51, 63, 64] (see also [32, 42, 48] ) given by
for the Shannon, Rényi and Fisher cases, respectively, which improve (i.e., are more stringent) and generalize the Heisenberg position-momentum uncertainty relation r 2 p 2 ≥ D 2
4
. A more complete way to describe the internal order (or disorder) of the multidimensional hydrogenic systems is given by means of the intrinsic complexity measures, which are composed by two information-theoretic measures which quantify simultaneously two facets of the D-dimensional quantum density. The two basic complexity measures of this type are the Crámer-Rao measure [65] [66] [67] defined by
and the Fisher-Shannon complexity [68] [69] [70] given by
where
and S[ρ] denote the Fisher information, the variance and the Shannon entropy, respectively, mentioned above.
Recently, a generalized complexity measure has been introduced which extend these two previous measures: the biparametric LMC-Rényi [71] [72] [73] [74] , defined as
Note that the case (α → 1, β = 2) corresponds to the plain LMC complexity measure [75] 
, which measures the combined balance of the average height of ρ( r) (by means of the
) and its total extent over the density support (by means of the Shannon quantity).
It is worth to remark that all the previous definitions hold in the momentum space where the radial coordinate, r, is replaced by the momentum one, p. These three complexity measures are known to be dimensionless, invariant under translation and scaling transformation [76, 77] , and universally bounded from below [23, 50, 61, 78] as
for D-dimensional probability densities. The corresponding complexity measures for the momentum-space probability density γ( p) will be denoted by
, respectively.
III. HYDROGENIC AND HARMONIC DENSITIES IN POSITION AND MOMENTUM
SPACES
In this section we gather the known probability densities of the D-dimensional (D > 1) hydrogenic and harmonic systems in position and momentum spaces [26] , which are the basic variables to determine the corresponding uncertainty measures in the rest of the paper. Atomic units are used throughout the paper.
A. D-dimensional hydrogenic probability density
The stationary bound states (n, l, {µ}) of the D-dimensional (D > 1) hydrogenic system (i.e.
a particle subject to a central potential of the form V H (r) = − Z r , being Z the nuclear charge) are known (see e.g., [26] ) to have the energies E η = − 2 , and n = 1, 2, . . .) and the associated probability density is given by
in position space, where the position vector r = (r, θ 1 , θ 2 , . . . , θ D−1 ) in polar hyperspherical coordinates, (n, l, {µ}) = (n, l ≡ µ 1 , . . . , µ D−1 ) are the corresponding hyperquantum numbers with
, and
The symbolL
k (x) denotes the orthonormal Laguerre polynomials of degree k and parameter α = 2l + D − 1 with respect to the weight function ω α (x) = x α e −x on the interval [0, ∞). The angular part, Y l,{µ} (Ω D−1 ), denotes the hyperspherical harmonics [7, 26] given by
Likewise, the probability density of these systems in the D-dimensional momentum space [26] is given as
with p = (p, θ 1 , . . . , θ D−1 ) and the notation
B. D-dimensional harmonic probability density
The stationary bound states (n, l, {µ}) of the D-dimensional harmonic system (i.e. a particle subject to a central potential of the oscillator form V O (r) = 1 2 λ 2 r 2 ) are known (see e.g., [26] ) to have the energies E = λ 2n + l + D 2 (with n = 0, 1, 2, . . . and l = 0, 1, 2, . . .) and the associated probability density is given by
in position space, where ρ n,l (r) denotes the radial part of the density defined as
with {n = 1, 2, 3, . . .
denotes the orthogonal Laguerre polynomials [79] with respect to the weight ω α (x) = x α e −x , α = l + D 2 − 1, on the interval [0, ∞). On the other hand, in the conjugated space, the Fourier transform provides the following expression
for the momentum probability density of the D-dimensional harmonic stationary state with the hyperquantum numbers (n, l, {µ}).
IV. UNCERTAINTY RELATIONS FOR HYDROGENIC AND HARMONIC SYSTEMS AT HIGH D
In this section we first realize that the Heisenberg-like uncertainty products of the D-dimensional 
A. Heisenberg-like uncertainty relation
For all stationary bound states (n, l, {µ}) of both hydrogenic and harmonic systems we have that the position-space variance V [ρ n,l,{µ} ] = r 2 − r 2 = r 2 , since r = 0 for any central potential.
As well, in momentum space we have that the corresponding variance is V [γ n,l,{µ} ] = p 2 . It is
η 2 for hydrogenic systems, so that the hydrogenic Heisenberg uncertainty product is given as
Similarly, since
for harmonic (i.e., oscillatorlike) systems, we have the following harmonic Heisenberg uncertainty product
Then, it is clear that the Heisenberg uncertainty product has the value
(with i = H, O) for both D-dimensional hydrogenic and harmonic systems. Moreover, it is possible to find that the generalized Heisenberg (or Heisenberg-like) uncertainty product for these two classes of systems is given [24] by
(with i = H, O) which holds for α ∈ (−D−2l, D+2l+2) in the hydrogenic case and for α > −D−2l in the oscillator case. To obtain this result we have taken into account that the position radial expectation value of the hydrogenic system is
(which holds for α > −D − 2l), and the corresponding momentum radial expectation value is
which holds for α ∈ (−D − 2l, D + 2l + 2). Here the notations k = η + L + 1 = n − l − 1 and
For the third equality of Eqs. (24) and (25) we have considered that the position and momentum expectation values can be expressed [33, 80, 81] in terms of hypergeometric functions 3 F 2 (1) and 5 F 4 (1), respectively, and then we have used the asymptotics of these functions at high D; see [24] for further details.
Similarly, the corresponding radial expectation values of the D-dimensional harmonic system are given by
(valid for α > −D − 2l) in position space, and
(valid for α > −D − 2l) in momentum space. In writing the third equality of Eqs. (26) and (27) we first realize that both quantities are entropic functionals of Laguerre polynomials, and then we use the recently found asymptotics for these functionals at large parameters [82] ; see [35] for further details. Now, note that the multiplication of the hydrogenic expressions (24) and (25), and the harmonic expressions (26) and (27) gives rise to the wanted result (23) .
From Eqs. (20) and (21) we remark that the Heisenberg-like products for both D-dimensional hydrogenic and harmonic states do not depend on the magnetic hyperquantum numbers of the states. Moreover, from Eqs. (22) and (23) 4 ; see also [20] [21] [22] [23] ) which holds for general D-dimensional quan tum systems. Consequently, the first-order Heisenberg-like products at the pseudoclassical border do not capture the qualitatively different character of the Coulomb and quadratic forces which characterize the hydrogenic and harmonic systems, respectively.
B. Fisher-information-based uncertainty relation
The Fisher information for an arbitrary bound state (n, l, {µ}) of a D-dimensional single-particle system subject to a central potential V(r), with the probability densities ρ ≡ ρ n,l,{µ} ( r) and γ ≡ γ n,l,{µ} ( p) in the two conjugated spaces, can be expressed [83, 84] as
in position space, and as
in momentum space, in terms of the pairs of radial expectation values p 2 , r −2 and r 2 , p −2 , respectively.
Let us first apply these expressions to the hydrogenic system. Since p 2
, one has [33] the following values for the position and momentum Fisher informations
in position and momentum spaces, respectively. Then, at high D these expressions simplify as
for the position and momentum Fisher informations at the pseudoclassical limit.
Working similarly for the D-dimensional harmonic system one finds from Eqs. (28) and (29) the following values
for the Fisher information in position and momentum spaces, respectively. Note that both quantities depend on two hyperquantum numbers, n and m ≡ µ D−1 only. Then, for fixed n and m the asymptotics of the Fisher information at high D turns out to be
in position and momentum spaces, respectively.
Finally, the multiplication of the hydrogenic expressions (32) and (33) and the harmonic expressions (36) and (37) gives rise to the following Fisher-information-based uncertainty product
(with i = H, O) for both D-dimensional hydrogenic and harmonic systems at high D. Note that this Fisher-information-based uncertainty product (i) fulfils the Fisher-information-based uncertainty relation (8) for general systems, and (ii) cannot disentangle between the Coulomb and oscillator-like forces at the pseudoclassical edge.
C. Rényi-information-based uncertainty relation
The Rényi entropy for a generic (n, l, {µ})-state of a D-dimensional hydrogenic system is given, according to Eqs. (4), (13) and (16), by
and
in position and momentum spaces, respectively. These two quantities can be decomposed into two radial and angular parts which can be expressed in terms of entropic functionals of Laguerre and Gegenbauer polynomials, respectively. Then, we can use the 2017-dated asymptotics of these functionals for large values of the polynomial parameters [82] to find the following values for the position and momentum Rényi entropies of the high D-dimensional hydrogenic system [36] :
respectively, whereq = 
in position and momentum spaces, respectively. Note that the oscillator-strength manifestation appears in the dominant term and the dependence on the quantum numbers (n, l) does not appear up to the second term in both position and momentum Rényi entropies.
Finally, from the hydrogenic expressions (41) and (42) and the harmonic expressions (43) and (44) we can determine the position-momentum uncertainty Rényi-entropy-based sum for both highdimensional hydrogenic and harmonic systems, obtaining the values Note that in the limiting case with q → 1 and p → 1, this expression gives the following dominant term of the position-momentum Shannon-entropy-based uncertainty sum
(with i = H, O) for both high-dimensional hydrogenic and harmonic systems, which saturates the uncertainty Shannon-entropy-based relation (6) in both hydrogenic and harmonic cases. In doing this, we have taken into account the definition (3) of the Shannon entropy for the position and momentum probability densities of these systems which are given by Eqs. (13) and (16), (17) and (19), respectively.
Finally, from expressions (45) and (46) we observe that the uncertainty Rényi-entropy-based and Shannon-entropy-based sums cannot unravel either between the Coulomb and oscillator-like forces at the pseudoclassical border. In conclusion, neither the Heisenberg-like and the Fisherinformation-based uncertainty products nor the entropic uncertainty sums are able to capture any force manifestation at the pseudoclassical border, at least at first order.
V. COMPLEXITIES OF HYDROGENIC AND HARMONIC SYSTEMS AT HIGH D
In this section we will determine the leading term of the position and momentum complexity measures of Crámer-Rao, Fisher-Shannon and LMC-Rényi types for high-dimensional systems of hydrogenic and harmonic character.
The Crámer-Rao complexity (9) of the D-dimensional hydrogenic and harmonic states characterized by the hyperquantum numbers (n, l, {µ}) are given by
(for i = H, O) in position and momentum spaces, respectively. To obtain these high-dimensional complexity values we have used (a) the expressions (32), (33), (36) and (37) for the position and momentum Fisher information of the hydrogenic and harmonic systems, respectively, and (b) the following values for the involved variances
which were derived from the general related expressions (24) , (25) , (26) and (27) found in the previous section.
From Eqs. (47) and (48) we realize that these Crámer-Rao values attain the universal lower bound D 2 in both hydrogenic and harmonic cases at the high-dimensional limit. This means that the Crámer-Rao complexity cannot untangle between Coulomb and oscillator-like systems at the pseudoclassical edge.
The Fisher-Shannon complexities (10) of the D-dimensional hydrogenic and harmonic states characterized by the hyperquantum numbers (n, l, {µ}) are given by
(for i = H, O) in position and momentum space, respectively. These high-dimensional complexity values have been obtained by means of (a) the expressions (32), (33) , (36) and (37) 
for hydrogenic and harmonic systems in position and momentum spaces, respectively.
Finally we observe from Eqs. (51) and (52) The LMC-Rényi complexities (11) of the D-dimensional hydrogenic and harmonic states characterized by the hyperquantum numbers (n, l, {µ}) are given by
(with i = H, O) in position and momentum space, respectively, for 0 < α < β < ∞ and α, β = 1.
The determination of the these quantities at high dimensions is straightforward but a bit tedious from the high-dimensional expressions of the corresponding position and momentum Rényi entropies which were derived in the previous section. Indeed, from the expressions (41) and (43) in position space and the expressions (42) and (44) 
in momentum space in the pseudoclassical limit. We realize by looking at the position expressions (59) and (60) and the momentum expressions (61) and (62) that, contrary to the uncertainty relations and entropic and complexity quantities previously considered in this work, both the position and momentum LMC-Rényi complexities are able to disentangle between the hydrogenic and harmonic systems at first order in the high dimensional limit. Moreover, at this dominant order these two position and momentum generalized measures of complexity do not depend on any hyperquantum numbers which characterize the system's state.
VI. CONCLUSIONS
In this work the D-dimensional hydrogenic and harmonic (oscillator-like) systems, which are the main prototypes in the multidimensional quantum physics, have been investigated at the pseudoclassical limit of high dimensions in both position and momentum spaces. We have used various spreading quantities of their associated probability densities, such as the Heisenberg-like measures the hydrogenic and harmonic systems already at first order in the high dimensional limit.
